Abstract. First-principle lattice calculation of inclusive B meson semileptonic decays is possible for a certain class of moments that is connected to the structure function at unphysical kinematics by analytic continuation. We present an exploratory lattice calculation and a comparison with the heavy quark expansion technique.
Introduction
There is a long-standing tension in the determination of the Kobayashi-Maskawa matrix elements |V cb | and |V ub | between the exclusive and inclusive methods. (For a recent review, see [1] .) For instance, the inclusive determination of |V cb | from the quark-level b → c ν is larger than that determined with the exclusive mode B → D * ν by about two standard deviations. The exclusive determination uses the lattice inputs for the (zero-recoil) form factor for the corresponding decay modes, while the inclusive determination uses the continuum techniques, i.e. perturbative QCD and heavy quark expansion. In this talk, we try to formulate a method to use the lattice calculation for the inclusive decays.
The best known example of the inclusive analysis in QCD is the perturbative calculation of the R-ratio for the e + e − scattering cross section, R(s) = σ(e + e − → qq)/σ(e + e − → µ + µ − ). The experimentally observed cross section is proportional to the imaginary part of the vacuum polarization function ImΠ(s), and one can use Cauchy's integral to extend the region of momentum squared q 2 , which can be schematically written as
(Strictly speaking, one needs to use the subtracted ones or derivatives to avoid divergences.) The q 2 of Π(q 2 ) could be space-like (or Euclidean), for which a lattice calculation is applicable. This strategy has indeed been used for the determination of |V us | through τ lepton decay [2] . Here, the decay rate has been measured as a function of the invariant mass of the final hadronic states (or the virtual W * mass), and the lattice technique is used to calculate the left-hand side in the Euclidean momentum region. One can also consider the integral with multiple poles, so that the best sensitivity to |V us | is achieved while suppressing the systematic errors.
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The region of q 2 may be extended from the space-like (q 2 = −q 2 0 − q 2 ) region to the time-like (q 2 = ω 2 − q 2 ) region by applying the "Fourier transform" of the form
with an arbitrary (real) ω, until one hits any singularity. For the case of e + e − scattering, the condition is ω < m V (or ω < 2m π when the two-pion threshold opens). A demonstration of the method may be found in [3] .
This work extends such analysis to the case of B meson decays, for which the initial state is a hadron. The kinematics is more complicated with two invariant kinematical variables p · q and q 2 . Moreover, in the lattice calculation, we need to extract the ground state for the initial state while performing the Fourier transform to control the virtuality of the final states, which is the main challenge in this work.
A full description of the proposal and a pilot calculation is found in [4] . This contribution contains a development since then. Namely, the lattice data are updated with improved statistics and the comparison with the heavy quark expansion now includes one-loop corrections (see Section 4).
Semi-leptonic B decays
For the inclusive B decays there is a standard formalism [5] [6] [7] borrowed from the analysis of deep inelastic scattering.
Consider a B meson decay to a final state X ν with X an arbitrary state including a charm quark. The two leptons ν are generated from a virtual W and carry four-momentum q µ so that the momentum transfer is q We are interested in the differential decay rate of the B meson, which is proportional to
Other than the usual factors, the CKM matrix element |V qQ | and the Fermi constant G F , the amplitude squared is written in terms of the known leptonic tensor l µν and the hadronic tensor W µν , which needs to be non-perturbatively calculated. The hadronic tensor may be expressed as
with all possible final states |X inserted. The current J µ has the V − A structure J µ =qΓ µ Q with
The hadronic tensor is a function of two Lorentz invariant variables v · q and q 2 . Using the optical theorem, it is related to a forward scattering matrix element
as −(1/π)ImT = W. The matrix element T (v · q, q 2 ) has an analytic structure shown in Figure 1 . There is a physical cut related to W on the left, and the other cut on the right is an unphysical one corresponding tocbb final states. The strategy we propose in this work is to use Cauchy's integral
to relate the physical amplitude on the right hand side to the matrix element at arbitrary v · q, which may be an unphysical value. We take v · q above its maximum value allowed for the physical process
There is no singularity around this (v · q), and the lattice calculation is applicable. Perturbative QCD is also considered to be more convergent away from the physical cut. We therefore propose to make a comparison in this unphysical kinematical region. In order to extract |V cb | or |V ub | from such an analysis, a reanalysis of the experimental data is necessary to perform the Cauchy integral.
Lattice calculation
We carry out a pilot lattice calculation of the matrix element T µν (v · q, q 2 ). It amounts to calculate a four-point function shown in Figure 2 . After taking appropriate ratios to cancel the external B meson smeared source, we construct
Here we take vanishing spatial momentum for the initial B meson and insert a momentum q (−q) at the b → c current J µ (or J ν ). We finally perform the "Fourier transform" in the time direction as
to obtain the matrix element at an unphysical kinematical point We use the lattice ensembles generated with 2+1-flavors of dynamical quarks described by Möbius domain-wall fermion. The ensembles are generated at three lattice spacings a corresponding to 1/a = 2.4, 3.6, and 4.5 GeV. In order to keep the physical volume constant, the lattice size is scaled as 32 3 × 64, 48 3 × 96, and 64 3 × 128 for the different lattice spacings, respectively. Among four different values of light quark mass we take for simulation, we use the ensembles that have a pion mass 300 MeV. The same set of ensembles has been used for various calculations including a determination of charm quark mass [8] , a calculation of D and B meson decay constants [9] , as well as D meson decay form factors [10] . At this conference, an update of [10] is given by Kaneko [11] , and a preliminary calculation of the B → π form factor is presented by Colquhoun [12] . We use the code set Iroiro++ for the numerical calculations [13] .
The b quark mass we took is lower than the physical one, because of larger discretization effect for heavier quarks even on our fine lattice. The signal-to-noise ratio also sets a severe limit on the value of b quark mass one can set. We took m b = (1.25) 2 m c as well as (1.25) 4 m c . Figure 3 shows the matrix element C JJ µν (t; q) in the limit of zero recoil momentum q = 0. It is plotted as a function of t 1 (t = t 2 − t 1 with a fixed t 2 ), and shows an exponential fall-off due to the propagation of final charm hadrons. At long distances, the correlation function is dominated by the ground state, which is D or D * meson depending on the channel. The temporal channel V 0 V 0 (squares) is saturated by D, while the spatial channel A k A k (k = 1, circles) is well described by D * . The saturated exponential function is shown by dashed lines in the plot. At short distances, on the other hand, the correlation function contains a significant contribution from excited states including Dπ, Dππ, ... etc., which can be seen as a departure from the dashed lines.
We then integrate C JJ µν (t; q) over t according to (8) . meson. Figure 4 shows the result of the integral as a function of ω = M B − q 0 . The variable ω plays the role of the energy injected to the final charm hadron states. Since the correlation function C JJ µν (t; q) is already close to the exponential function representing the ground state, the result also suggests the dominance of the ground state.
If we assume the ground state saturation, the correlation may be written in terms of the corresponding form factors. In the zero-recoil limit, they are defined by and using them the structure functions are given as
The zero-recoil form factors h + (1) and h A 1 (1) is normalized to unity in the heavy quark limit. The correction due to finite m b and m c makes them smaller than 1, and our results are roughly consistent with the known values [14] as well as with the mass dependence studied in [15, 16] .
Comparison with heavy quark expansion
We consider a first derivative dT JJ µν /dω instead of T JJ µν themselves to avoid possible divergences due to a contact term contribution. Figure 5 shows this quantity as a function ω. The spatial momentum insertion q is fixed to zero. The lattice data may be obtained by calculating a t moment analogous to (8) . On the lattice we separately calculate V 0 V 0 (red) and A k A k (blue), while the results from heavy quark expansion are plotted only for the combination VV + AA, which corresponds to the product of the V − A currents. For the comparison, we can neglect the one (AA or VV) depending on the channel as the lattice results indicate.
The continuum estimate using perturbative QCD and the heavy quark expansion is expected to be valid away from the resonance region. In terms of the injected energy to the final hadron ω, the small ω region is perturbative.
In the plot, the estimates from the heavy quark expansion are shown by dashed and solid curves. The dashed curve is the leading order estimate for both α s and 1/m b . The one-loop correction is included for the solid black curve, which is obtained from the one-loop calculation of the differential decay rate [17, 18] by doing the Cauchy integral. The result suggests that the perturbative series is sufficiently convergent.
The 1/m b correction consists of two terms, each involving the hadronic matrix elements
The former is well determined, 0.37 GeV 2 , by the experimentally measured B − B * mass splitting, while the latter is more uncertain and only an order of magnitude estimate, ∼ 0.5 GeV 2 , is available. The estimates at the order of 1/m b are shown by thick curves for µ Rough agreement between the lattice results and the heavy quark expansion estimates is found near ω ≈ 0. The slope at ω = 0, however, is much larger with the continuum estimates. This seems to be unavoidable because the continuum formula contains a pole at m c 1 GeV, which is much lower than the actual hadronic poles at m D ( * ) ∼ 2 GeV. It is probable that this problem may be avoided by rearranging the perturbative series such that the fake pole of the bare quark is eliminated.
Outlook
The structure functions for the inclusive B meson decay are calculable on the lattice but at unphysical kinematical points, which can be related to the observed differential decay rate by Cauchy's integral. In this talk we presented a pilot study for the b → c transition with the b quark mass still lower than the physical one. The lattice results are compared with the predictions of perturbative QCD and the heavy quark expansion.
The range of application of this method is not limited to the inclusive b → c transitions. An interesting application is the test of the zero-recoil sum rule, which is used to estimate the zerorecoil B → D ( * ) ν form factor [19] [20] [21] [22] . Another obvious application is the b → u transition and the determination of |V ub |.
Since the formalism of the structure function comes from the nucleon deep inelastic scattering, the method developed in this work may be applied to the study of nucleon structure. The unphysical kinematical region considered in this work corresponds to the value of Bjorken x greater than 1, which can be reached by the Cauchy integral of the physical region 0 < x < 1. A study along this direction is initiated by [23] . It provides a new method to constrain the parton distribution functions. Since the lattice calculation is fully non-perturbative, the ep (or νp) scattering at relatively low-energies can be studied.
